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D license.1. Introduction
In nonlinear functional analysis, metric ﬁxed point theory re-
mains an indispensable tool due to its wide range of applica-
tions to nonlinear sciences besides various research ﬁelds
within mathematics. One of the most core and natural result
in this direction was proved by Polish mathematician Stefan
Banach [1] in 1922 which is popularly referred as Banach Con-
traction Principle. Interestingly, Banach ﬁxed point theorem
not only guarantees the existence and uniqueness of the ﬁxedicense.
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point. This technique is powerful enough to solve a variety
of applied problems in mathematical as well as engineering sci-
ences. Owing to such versatality, Banach ﬁxed point theorem
continues to attract the attention of a number of researchers.
To mention a few, one may recall [2–13].
In 1969, Nadler [14] proved the set-valued analog of
Banach Contraction Principle which is sometimes referred as
Nadler Contraction Principle while the study of ﬁxed points
for multi-valued contractions employing Hausdorff metric
was initiated by Markin [15]. Since then, an interesting and
rich ﬁxed point theory for such mappings is ﬂourishing (e.g.
[16–28]). Here, it can be pointed out that the theory of
multi-valued mappings had already wide applications in
optimization problems, control theory, differential equations,
and economics.
The concept of compatibility for a pair of single-valued
mappings (due to Jungck [29]) was extended to hybrid pairs
of mappings by Kaneko and Sessa [30] under the metric H
on CBðXÞ. This concept of compatibility was further improved
by Jungck and Rhoades [31] by introducing the notion of
weakly compatible mappings. However, the study of common
ﬁxed points of non-compatible mappings is also equally inter-
esting which was initiated by Pant [32] in metric spaces. In
2000, Sastry and Krishna Murthy [33] introduced the notion
of tangential property for single-valued mappings. Thereafter,
Aamri and Moutawakil [34] deﬁned the notion of the property
(E.A) which is slightly different to tangential property. The no-
tion of the property (E.A) contains the class of non-compatible
as well as compatible mappings. For some similar description,
one can also be referred to Singh and Tomar [35].
As a generalization of Banach’s contraction principle, in
2002 Branciari [36] obtained an integral type ﬁxed point theo-
rem for a single-valued mapping. Many mathematicians
proved several ﬁxed point theorems involving more general
contractive conditions of integral type (e.g. [37–45]).
In 2009, Pathak and Shahzad [46] introduced the notion of
pair-wise tangential mappings and utilized the same to prove a
common ﬁxed point theorem of Gregus type for a quadruple
of self mappings deﬁned on a metric space satisfying a strict
general contractive condition of integral type. Sintunavarat
and Kumam [47] extended the notion of the tangential prop-
erty to hybrid mappings and obtained an integral type com-
mon ﬁxed point theorem of Gregus type for four mappings
under strict contractions. Most recently, Abu-Donia and
Abd-Rabou [48] proved common ﬁxed point theorems for
six as well as a sequence of mappings satisfying an integral type
contractive condition. In a noted review of [47], M. Balaj
pointed out that the results contained in [47] (also see [42])
are not valid under given conditions without closedness of suit-
able image subspaces.
The aim of this paper is to show that the result of Sintunav-
arat and Kumam [47] can be recovered without the closedness
requirement of the subspaces by slightly restricting the tangen-
tial property which is accomplished by introducing the strong
tangential property for non-self hybrid mappings besides
utilizing the same to prove a metrical ﬁxed point theorem
satisfying a general contractive condition of integral type.
Our results improve the corresponding results of Abu-Donia
and Abd-Rabou [48] and Sintunavarat and Kumam [47]
besides generalizing several relevant results of the existing
literature (e.g. [19,36,41] and the references therein).2. Preliminaries
Throughout this paper, (X,d) stands for a metric space. Fol-
lowing Nadler [14], CBðXÞ denotes the class of all non-empty
bounded closed subsets of X. The Hausdorff metric induced
by d on CBðXÞ is described by
HðA;BÞ ¼ max sup
a2A
dða;BÞ; sup
b2B
dðb;AÞ
 
; ð2:1Þ
for every A;B 2 CBðXÞ, where d(a,B) = inf{d(a,b): b 2 B} is
the distance from a to B ˝ X. Let f: Xﬁ X and
F : X! CBðXÞ. A point x 2 X is a ﬁxed point of f (respectively
F) if fx= x (respectively x 2 Fx). The set of all ﬁxed points of
f (respectively F) is denoted by FðfÞ (respectively FðFÞ). A
point x 2 X is a coincidence point of f and F if fx 2 Fx. The
set of all coincidence points of f and F is denoted by C(f,F).
A point x 2 X is a common ﬁxed point of f and F if
x= fx 2 Fx. The set of all common ﬁxed points of f and F
is denoted by Fðf;FÞ.
Deﬁnition 1. Let f: Y ˝ Xﬁ X and F : Y#X! CBðXÞ be two
mappings. The pair (f,F) is said to be
(1) compatible if fFx 2 CBðX Þ for all x 2 Y and limn!1
H(fFxn, FfxnÞ ! 0 whenever fxng is a sequence in Y such
that limn!1fxn ¼ z 2 limn!1Fxn ¼ D 2 CBðX Þ, for some
z 2 Y (cf. [30]),
(2) non-compatible if fFx 2 CBðX Þ for all x 2 Y and there
exists a sequence {xn} in Y such that
limn!1fxn ¼ z 2 limn!1Fxn ¼ D 2 CBðX Þ but
limn!1H(fFxn,Ffxn) is either non-zero or non-existent
provided that fxn 2 Y (cf. [32]),
(3) weakly compatible if fx 2 Fx implies fFx= Ffx pro-
vided that fx 2 Y and Fx ˝ Y for all coincidence point
x 2 Y of f and F (cf. [31]).Deﬁnition 2 [25]. Let f: Y ˝ Xﬁ X be a single-valued and
F : Y#X! CBðXÞ be a multi-valued mappings. The pair
(f,F) is said to satisfy the property (E.A) if there exists a
sequence {xn} in Y, for some z 2 Y and D 2 CBðXÞ such that
lim
n!1
fxn ¼ z 2 D ¼ lim
n!1
Fxn: ð2:2Þ
Example 1. Let X ¼ Rþ with the usual metric and
Y ¼ ½1;1Þ  Rþ ¼ X. Deﬁne mappings f: Yﬁ X and
F : Y! CBðXÞ by fðxÞ ¼ xþ1
2
;FðxÞ ¼ ½1; xþ 1, for all x 2 Y.
Consider a sequence fxngn2N ¼ 1þ 1n
 
in Y. Then
limn!1fxn ¼ limn!1 2þ
1
n
2
 
¼ 1 2 ½1; 2 ¼ limn!1Fxn. Hence
the mappings f and F satisfy the property (E.A).
Deﬁnition 3 [26]. Let f, g: Y ˝ Xﬁ X be two single-valued
and F;G : Y#X! CBðXÞ be two multi-valued mappings.
The pairs (f,F) and (g,G) are said to satisfy the common prop-
erty (E.A), if there exist two sequences {xn}, {yn} in Y for some
z in Y and D1;D2 2 CBðXÞ such that
lim
n!1
Fxn ¼ D1; lim
n!1
Gyn ¼ D2; lim
n!1
fxn ¼ lim
n!1
gyn ¼ z
2 D1 \D2: ð2:3Þ
260 S. Chauhan et al.It is noted that if F= G, f= g and {xn} = {yn} in condition
(2.3), then condition (2.2) easily follows.
Example 2. Consider X ¼ Rþ with the usual metric and
Y= [1,1). Deﬁne f, g: Y ˝ Xﬁ X by
fðxÞ ¼ 2x 1; gðxÞ ¼ xþ3
5 and F;G : Y#X! CBðXÞ by
F(x) = [1, 6 + x], GðxÞ ¼ 1; 4þ x2
 	
for all x 2 Y.
Consider the sequences fxngn2N ¼ 1þ 1n
 
and
fyngn2N ¼ 2þ 1n
 
in Y. Then limn!1Fxn ¼ ½1; 6 ¼ D1;
limn!1Gyn ¼ ½1; 5 ¼ D2; limn!1fxn ¼ limn!1gyn ¼ 1 2 D1 \
D2 2 CBðXÞ. Therefore, the pairs (f,F) and (g,G) enjoy the
common property (E.A).
Deﬁnition 4 [47]. Let f, g: Y ˝ Xﬁ X be two single-valued
and F;G : Y#X! CBðXÞ be two multi-valued mappings.
The pair (f,g) is called tangential with respect to the pair
(F,G) if
lim
n!1
Fxn ¼ lim
n!1
Gyn ¼ D 2 CBðXÞ; ð2:4Þ
whenever sequences {xn} and {yn} in Y such that
lim
n!1
fxn ¼ lim
n!1
gyn ¼ z 2 D; ð2:5Þ
for some z 2 Y.
Example 3. Let X ¼ Rþ with the usual metric and Y= [1,1).
Deﬁne mappings f, g: Y ˝ Xﬁ X and F;G : Y#X! CBðXÞ
as fðxÞ ¼ 3xþ 1; gðxÞ ¼ 5xþ2
3
;FðxÞ ¼ ½x2 þ 3; x2 þ 5 and
GðxÞ ¼ x2; x2
2
þ 4
h i
, for all x 2 Y. Clearly, there exist two
sequences xn ¼ 1þ 1n
 
and yn ¼ 2þ 1n
 
in Y such that
lim
n!1
Fxn ¼ lim
n!1
Gyn ¼ ½4; 6 2 CBðXÞ;
whenever
lim
n!1
fxn ¼ lim
n!1
gyn ¼ 4 2 ½4; 6:
Hence, the pair (f,g) is tangential with respect to the pair
(F,G).
Deﬁnition 5. Let f: Y ˝ Xﬁ X be a single-valued mapping
while F : Y#X! CBðXÞ be a multi-valued mapping. The
mapping f is called tangential with respect to the mapping F, if
lim
n!1
Fxn ¼ lim
n!1
Fyn ¼ D 2 CBðXÞ; ð2:6Þ
whenever sequences {xn} and {yn} in Y such that
lim
n!1
fxn ¼ lim
n!1
fyn ¼ z 2 D; ð2:7Þ
for some z 2 Y.
Example 4. Let X ¼ Rþ with the usual metric and Y= [1,1).
Deﬁne mappings f: Y ˝ Xﬁ X and F : Y#X! CBðXÞ as
f(x) = x+ 2 and F(x) = [x2,x2 + 2], for all x 2 Y. Clearly,
there exist two sequences xn ¼ 2þ 1n
 
and yn ¼ 2 1n
 
such
that
lim
n!1
Fxn ¼ lim
n!1
Fyn ¼ ½4; 6 2 CBðXÞ;
whenever
lim
n!1
fxn ¼ lim
n!1
fyn ¼ 4 2 ½4; 6:Hence, the mapping f is tangential with respect to the map-
ping F.
It may be pointed that if the pair (f,g) is tangential with re-
spect to the pair (F,G), then the pair (F,G) need not be tangen-
tial with respect to the pair (f,g) (e.g.[46, Example 2.3]).
However, if the pair (f,g) is tangential with respect to the pair
(F,G) and the pair (F,G) is tangential with respect to the pair
(f,g), then the pairs (f,F) and (g,G) satisfy the common prop-
erty (E.A).
Deﬁnition 6 [46]. Let f, g: Y ˝ Xﬁ X be two single-valued
mappings. A point z 2 Y is said to be a weak tangent point to
(f,g) if there exist sequences {xn} and {yn} in Y such that
lim
n!1
fxn ¼ lim
n!1
gyn ¼ z; ð2:8Þ
for some z 2 Y.
Example 5. Let X ¼ Rþ with the usual metric and Y= [1,1).
Deﬁne the mappings f, g: Y ˝ Xﬁ X as f(x) = x+ 3,
g(x) = x+ 4 for all x 2 Y.
Consider two sequences xn ¼ 2þ 1n
 
and yn ¼ 1þ 1n
 
in
Y. Clearly, limn!1 fxn = limn!1gyn = 5. Hence 5 2 Y is a
weak tangent point to the pair (f,g). But, there exists no
sequence fxng in Y such that limn!1 fxn = limn!1gxn = z for
some z 2 Y. It follows that the pair (f,g) fails to satisfy the
property (E.A).
Deﬁnition 7 [23]. Let f: Y ˝ Xﬁ X be a single-valued map-
ping while F : Y#X! CBðXÞ be a multi-valued mapping.
The pair (f,F) is said to be quasi-coincidentally commuting if
fx 2 Fx (for x 2 X with Fx,fx 2 Y) implies fFx is contained
in Ffx.
Deﬁnition 8 [23]. Let f: Y ˝ Xﬁ X be a single-valued map-
ping while F : Y#X! CBðXÞ be a multi-valued mapping.
The mapping f is said to be coincidentally idempotent
with respect to mapping F, if fx 2 Fx with fx 2 Y imply
ffx= fx, that is, f is idempotent at coincidence points of the
pair (f,F).3. Main results
In 2009, Pathak and Shahzad [46] introduced the notion of
tangential property for single-valued mappings and utilized
the same to prove some Gregus type theorems. Motivated
by this deﬁnition, Sintunavarat and Kumam [47] extended
the notion of tangential property to two hybrid pair of
mappings and established a common ﬁxed point theorem
of Gregus type for two hybrid pair of mappings satisfying
a strict general contractive condition of integral type. In his
noted review for Mathematical Review, M. Balaj pointed
out that the results of Sintunavarat and Kumam [47] are
not correct in their present form without closedness of
two involved subspaces. To describe the observations of
the reviewer, let (X,d) be a metric space and CBðXÞ be
the set of non-empty bounded closed subsets of X. If f,
g: Xﬁ X and F;G : X! CBðXÞ are four mappings, then
two relevant involved conditions of [47, Theorem 3.5] are
as follows:
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{xn}, {yn} such that limn!1fxn ¼ limn!1gyn = z (in the
terminology of [47], z is a weak tangent point of (f,g));
(b): there exist two sequences fx0ng; fy0ng such that limn!1fx0n
¼ limn!1gy0n 2 limn!1Ax0n ¼ limn!1By0n 2 CBðX Þ (that
is, (f,g) is tangential with respect to (A,B)).
The error occurs due to the fact that the authors of [47]
wrongly assumed that there is a pair of sequences satisfying
both conditions (a) and (b) while in certain situations the pairs
of sequences can be different. However, in order to save the
proof it sufﬁces to assume that f(X) and g(X) are closed subsets
of X so that condition (a) becomes superﬂuous.
One may notice that z 2 f(X) \ g(X) need not imply the clo-
sedness of f(X) and g(X), therefore by slightly modifying con-
dition (b), one can prove [47, Theorem 3.5], without condition
(a). Motivated by this observation, we introduce the notion of
strong tangential property which is slightly more restrictive
than tangential property:
Deﬁnition 9. Let f, g: Y ˝ Xﬁ X be two single-valued and
F;G : Y#X! CBðXÞ be two multi-valued mappings. The pair
(f,g) is called strongly tangential with respect to the pair (F,G)
if
lim
n!1
Fxn ¼ lim
n!1
Gyn ¼ D 2 CBðXÞ; ð3:1Þ
whenever sequences {xn} and {yn} in Y such that
lim
n!1
fxn ¼ lim
n!1
gyn ¼ z 2 D; ð3:2Þ
and z 2 f(Y) \ g(Y).
Example 6. Let X ¼ Rþ with the usual metric and Y= [0,9].
Deﬁne the mappings f, g: Y  Xﬁ X and F;G : Y  X !
CBðXÞ as
fðxÞ ¼
xþ2
2
; if 0 6 x < 2;
3
2
; if xP 2:
(
gðxÞ ¼ 3; if 0 6 x 6 2;
3xþ2
4
; if x > 2:

FðxÞ ¼ x 1; x
2
þ 2 	 and GðxÞ ¼ x
2
; xþ 1 	, for all x 2 Y.
Then we have f(Y) = [1,2) and gðYÞ ¼ ð2; 29
4
. Consider two se-
quences xn ¼ 2 1n
 
and yn ¼ 2þ 1n
 
in Y such that
lim
n!1
Fxn ¼ lim
n!1
Gyn ¼ ½1; 3 2 CBðXÞ;
whenever
lim
n!1
fxn ¼ lim
n!1
gyn ¼ 2 2 ½1; 3:
Hence the pair (f,g) is tangential with respect to pair (F,G).
Here one can see that 2 R f(Y) \ g(Y) which shows that the pair
(f,g) does not satisfy the strong tangential property with re-
spect to pair (F,G).
Example 7. In the setting of Example 6, replace the mappings f
and g by (besides retaining the rest)
fðxÞ ¼
xþ2
2
; if 0 6 x 6 2;
9 x; if x > 2:

gðxÞ ¼ 2 x; if 0 6 x < 2;
3xþ2
4
; if xP 2:

Then we have f(Y) = [0,7) and gðYÞ ¼ ð0; 29
4
. Consider the
sequences as deﬁned in Example 6, one can verify thatlim
n!1
Fxn ¼ lim
n!1
Gyn ¼ ½1; 3 2 CBðXÞ;
whenever
lim
n!1
fxn ¼ lim
n!1
gyn ¼ 2 2 ½1; 3;
where 2 2 f(Y) \ g(Y). Hence the pair (f,g) is strongly tangen-
tial with respect to pair (F,G). Notice that the subspaces f(Y)
and g(Y) are not closed which conﬁrm the scope of this
deﬁnition.
However, if the pair (f,g) is tangential with respect to pair
(F,G) as well as f(Y) and g(Y) are closed subsets of X, then the
pair (f,g) is strongly tangential with respect to pair (F,G).
On setting f= g and F= G in Deﬁnition 9, we have
Deﬁnition 10. Let f: Y ˝ Xﬁ X be a single-valued mapping
while F : Y#X! CBðXÞ be a multi-valued mapping. The
mapping f is called strongly tangential with respect to mapping
F if
lim
n!1
Fxn ¼ lim
n!1
Fyn ¼ D 2 CBðXÞ; ð3:3Þ
whenever sequences {xn} and {yn} in Y such that
lim
n!1
fxn ¼ lim
n!1
fyn ¼ z 2 D; ð3:4Þ
and z 2 f(Y).
Now, we prove our main result as follows:
Theorem 1. Let f, g be two mappings from a subset Y of a metric
space (X,d) into X and F, G be two mappings from Y into
CBðXÞ satisfying the inequality
Z HðFx;GyÞ
0
uðtÞdt 6 a
Z maxfdðfx;gyÞ;dðfx;FxÞ;dðgy;GyÞg
0
uðtÞdtþ ð1 aÞ
 a
Z dðfx;GyÞ
2
0
uðtÞdtþ b
Z dðgy;FxÞ
2
0
uðtÞdt
" #
; ð3:5Þ
for all x, y 2 Y, where 0 6 a< 1, aP 0, bP 0, a + b< 1 and
u : Rþ ! Rþ is a nonnegative Lebesgue-integrable mapping
which is summable besidesZ 
0
uðtÞdt > 0; ð3:6Þ
for each e > 0. Suppose that the pair (f,g) is strongly tangential
with respect to (F,G). Then
(1) f and F have a coincidence point u in Y,
(2) g and G have a coincidence point v in Y.
Moreover, the mappings f, g, F and G have a common ﬁxed
point provided that both the pairs (f,F) and (g,G) are quasi-
coincidentally commuting and coincidentally idempotent.
Proof. Suppose that the pair (f,g) is strongly tangential with
respect to (F,G), then
lim
n!1
Fxn ¼ lim
n!1
Gyn ¼ D 2 CBðXÞ; ð3:7Þ
whenever sequences {xn} and {yn} in Y such that
lim
n!1
fxn ¼ lim
n!1
gyn ¼ z 2 D; ð3:8Þ
262 S. Chauhan et al.where z 2 f(Y) \ g(Y). Since z 2 f(Y) there exists a point u 2 Y
such that fu= z. Also z 2 g(Y) there exists a point v 2 Y such
that gv= z. Thus in all, we have
z ¼ fu ¼ gv ¼ lim
n!1
fxn ¼ lim
n!1
gyn 2 D ¼ lim
n!1
Fxn
¼ lim
n!1
Gyn: ð3:9Þ
We claim that z 2 Fu. If not, then using (3.5) with x= u,
y= yn, we get,
Z HðFu;GynÞ
0
uðtÞdt 6 a
Z maxfdðfu; gynÞ; dðfu;FuÞ; dðgyn;GynÞg
0
 uðtÞdtþ ð1 aÞ a
Z dðfu;GynÞ
2
0
uðtÞdtþ b
Z dðgyn ;FuÞ
2
0
uðtÞdt
" #
:
Now on making nﬁ1, we obtainZ HðFu;DÞ
0
uðtÞdt 6 a
Z dðz;FuÞ
0
uðtÞdtþ ð1 aÞ b
Z dðz;FuÞ
2
0
uðtÞdt
" #
6 aþ ð1 aÞb½ 
Z dðz;FuÞ
0
uðtÞdt <
Z HðFu;DÞ
0
uðtÞdt;
which is a contradiction. Hence H(Fu,D) = 0. Since z 2 D,
we have z 2 Fu.
Now, we claim that z 2 Gv. If not, then using (3.5) with
x= xn, y= v, we getZ HðFxn ;GvÞ
0
uðtÞdt 6 a
Z maxfdðfxn; gvÞ; dðfxn;FxnÞ; dðgv;GvÞg
0
 uðtÞdtþ ð1 aÞ a
Z dðfxn ;GvÞ
2
0
uðtÞdtþ b
Z dðgv;FxnÞ
2
0
uðtÞdt
" #
:
Letting nﬁ1, we getZ HðD;GvÞ
0
uðtÞdt 6 a
Z dðz;GvÞ
0
uðtÞdtþ ð1 aÞ a
Z dðz;GvÞ
2
0
uðtÞdt
" #
:
6 aþ ð1 aÞa½ 
Z dðz;GvÞ
0
uðtÞdt
<
Z HðD;GvÞ
0
uðtÞdt
which is a contradiction. Hence H(D,Gv) = 0 so that z 2 Gv
and z= gv 2 Gv.
Since u 2 C(f,F), using the quasi-coincidentally commuting
property of (f,F) and the coincidentally idempotent property
of f with respect to F, one can have fu 2 Fu and ffu= fu,
therefore fu= ffu 2 f(Fu)  F(fu) which shows that fu is a
common ﬁxed point of the pair (f,F). Similarly v 2 C(g,G),
using the quasi-coincidentally commuting property of the pair
(g,G) and the coincidentally idempotent property of g with
respect to G, one can easily show that gu is a common ﬁxed
point of the pair (g,G). The analogous arguments work for the
alternate statement as well. This completes the proof. h
Example 8. Let Y= X= [0,1) and d be the usual metric on
X. Deﬁne f, g: Yﬁ X and F;G : Y! CBðXÞ by
fðxÞ ¼
x
2
; if x 2 ½0; 1Þ;
1; if x 2 ½1;1Þ:

gðxÞ ¼ 1; if x 2 ½0; 1;
1
2x
; if ðx 2 ½1;1Þ:
FðxÞ ¼ 4; xþ 4½ ; if x 2 ½0; 1Þ;
1; 3½ ; if x 2 ½1;1Þ:

GðxÞ ¼ 1; 4 x½ ; if x 2 ½0; 1;
1
2
; 1
 	
; if x 2 ð1;1Þ:
(
Then we have fðYÞ ¼ 0; 1
2
 
 [ f1g and gðYÞ ¼ 0; 1
2
 
 [ f1g.
Consider the sequences fxngn2N ¼ 1þ 1n
 
and fyngn2N ¼
1 1
n
 
in Y. Then limn!1Fxn ¼ limn!1Gyn ¼ ½1; 3 2 CBðXÞ,
whenever limn!1fxn = limn!1gyn = 1 2 [1,3]. Therefore, the
pair (f,g) is strongly tangential with respect to the pair
(F,G). Also the pairs (f,F) and (g,G) are quasi-coincidentally
commuting and coincidentally idempotent at x= 1. By a rou-
tine calculation, one can verify condition (3.5) of Theorem 1
for some ﬁxed 0 6 a< 1, aP 0, bP 0 (where, a+ b< 1)
and u(t) = 1. Hence 1 is a coincidence as well as common ﬁxed
point of the pairs (f,F) and (g,G).
If f(Y) and g(Y) are closed subspaces of X, then the tangen-
tial property implies strong tangential property and henceforth
the following corollary is immediate:
Corollary 1. Let f, g be two mappings from a subset Y of a
metric space (X,d) into X and F, G be two mappings from Y into
CBðXÞ satisfying inequalities (3.5) and (3.6). Suppose that
(1) the pair (f,g) is tangential with respect to (F,G),
(2) f(Y) and g(Y) are closed subsets of X. Then(a) f and F have a coincidence point u in Y,
(b) g and G have a coincidence point v in Y.
Moreover, the mappings f, g, F and G have a common ﬁxed
point provided the pairs (f,F) and (g,G) are quasi-coinciden-
tally commuting and coincidentally idempotent.
On taking f= g, and F= G in Theorem 1, we get the
following natural result.
Corollary 2. Let f be a mapping from a subset Y of a metric
space (X,d) into X and F be a mappings from Y into CBðXÞ.
Suppose that
(1) the mapping f is strongly tangential with respect to map-
ping F,
(2)Z HðFx;FyÞ
0
uðtÞdt6 a
Z maxfdðfx; fyÞ;dðfx;FxÞ;dðfy;FyÞg
0
uðtÞdtþð1aÞ a
Z dðfx;FyÞ
2
0
uðtÞdtþb
Z dðfy;FxÞ
2
0
uðtÞdt
" #
; ð3:10Þ
for all x, y 2 Y, where 0 6 a< 1, aP 0, bP 0, a + b< 1 and
u : Rþ ! Rþ is a summable, non-negative Lebesgue-integrable
mapping such that (3.6) holds.
Then f and F have a coincidence point u in Y. Moreover,
the mappings f and F have a common ﬁxed point provided the
pair (f,F) is quasi-coincidentally commuting and coinciden-
tally idempotent.
If u(t) = 1 in Theorem 1, then we get the following
corollary:
Corollary 3. Let f, g be two mappings from a subset Y of a
metric space (X,d) into X and F, G be two mappings from Y into
CBðXÞ. Suppose that
An integral type ﬁxed point theorem for multi-valued mappings 263(1) the pair (f,g) is strongly tangential with respect to (F,G),
(2)
HðFx;GyÞ 6 amaxfdðfx; gyÞ; dðfx;FxÞ; dðgy;GyÞg
þ ð1 aÞ a
2
dðfx;GyÞ þ b
2
dðgy;FxÞ
 
; ð3:11Þ
for all x, y 2 Y, where 0 6 a< 1, aP 0,bP 0 and a + b< 1.
Then(a) f and F have a coincidence point u in Y,
(b) g and G have a coincidence point v in Y.
Moreover, the mappings f, g, F and G have a common ﬁxed
point provided the pairs (f,F) and (g,G) are quasi-coinciden-
tally commuting and coincidentally idempotent.
Our next result is a slight generalization of Theorem 1:
Theorem 2. Let f, g be two mappings from a subset Y of a metric
space (X,d) into X and F, G be two mappings from Y into
CBðXÞ. Suppose that
(1) the pair (f,g) is strongly tangential with respect to (F,G),
(2)
Z HðFx;GyÞ
0
uðtÞdt6w
Z max dðfx;gyÞ;dðfx;FxÞ;dðgy;GyÞ;dðfx;GyÞ
2
;
dðgy;FxÞ
2
 
0
uðtÞdt
0
B@
1
CA;
ð3:12Þ
for all x, y 2 Y, where w : Rþ ! Rþ is non-decreasing and
w(0) = 0, w(s)< s, for s> 0 and u : Rþ ! Rþ is a summa-
ble, non-negative, Lebesgue-integrable mapping such that (3.6)
holds. Then(a) f and F have a coincidence point u in Y,
(b) g and G have a coincidence point v in Y.
Moreover, the mappings f, g, F and G have a common ﬁxed
point provided the pairs (f,F) and (g,G) are quasi-coinciden-
tally commuting and coincidentally idempotent.
By setting u(t) = 1 in Theorem 2, we obtain the following
natural result:
Corollary 4. Let f, g be two mappings from a subset Y of a
metric space (X,d) into X and F, G be two mappings from Y into
CBðXÞ. Suppose that
(1) the pair (f,g) is strongly tangential with respect to (F,G),
(2)
HðFx;GyÞ 6 wðmaxfdðfx; gyÞ; dðfx;FxÞ; dðgy;GyÞ;
dðfx;GyÞ
2
;
dðgy;FxÞ
2
gÞ; ð3:13Þ
for all x, y 2 Y, where w : Rþ ! Rþ is non-decreasing and
w(0) = 0, w(s)< s, for s> 0. Then(a) f and F have a coincidence point u in Y,
(b) g and G have a coincidence point v in Y.
Moreover, the mappings f, g, F and G have a common ﬁxed
point provided the pairs (f,F) and (g,G) are quasi-coinciden-
tally commuting and coincidentally idempotent.
By choosing f, g, F and G suitably in Theorem 2 and Cor-
ollaries 3 and 4, one can deduce corollaries for two or three
mappings. The description of all such possible corollaries are
not included.4. Conclusions
Our results are proved under a newly deﬁned notion namely
strong tangential property for non-self hybrid mappings
which is slightly more restrictive than the notion of tangential
property due to Sintunavarat and Kumam [42,47] but essen-
tially without condition (a) as mentioned earlier. Theorem 1
(also Corollary 1) is proved for non-self mappings in metric
spaces satisfying an integral-type general contractive
condition under quasi-coincidentally commuting property.
Theorem 1 improves the result of Abu-Donia and Abd-Rabou
[48, Theorem 2.1] as our theorem never requires conditions
on the containment of ranges of involved mappings, com-
pleteness (or closedness) of the underlying space (or subspac-
es) and continuity in respect of any one of the involved
mappings. A natural result is derived in the form of
Corollary 2 while Corollary 3 is deduced as a particular case
by setting u(t) = 1 which improves the relevant results
contained in Altun [49, Theorem 1] besides generalizing the
results of Chang [19] and Sharma et al. [50, Theorem 1].
We also indicate Theorem 2 which generalizes such results
of Branciari [36, Theorem 2.1] and Rhoades [41, Theorem 2.1],
for multi-valued mappings. Corollary 4 also improves certain
results of Singh and Mishra especially [27, Theorem 3.1,
Corollary 3.3].Acknowledgements
All the authors are grateful to certain anonymous referees for
their critical readings of the earlier two versions of this manu-
script and also suggesting many improvements.
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